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This work considers the control of batch processes subject to input constraints and
model uncertainty with the objective of achieving a desired product quality. First, a
computationally efficient nonlinear robust Model Predictive Control (MPC) is
designed. The robust MPC scheme uses robust reverse-time reachability regions
(RTRRs), which we define as the set of process states that can be driven to a desired
neighborhood of the target end-point subject to input constraints and model uncer-
tainty. A multilevel optimization-based algorithm to generate robust RTRRs for speci-
fied uncertainty bounds is presented. We then consider the problem of uncertain batch
processes subject to finite duration faults in the control actuators. Using the robust
RTRR-based MPC as the main tool, a robust safe-steering framework is developed to
address the problem of how to operate the functioning inputs during the fault repair
period to ensure that the desired end-point neighborhood can be reached upon recov-
ery of the full control effort. The applicability of the proposed robust RTRR-based con-
troller and safe-steering framework subject to limited availability of measurements and
sensor noise are illustrated using a fed-batch reactor system. © 2010 American Institute
of Chemical Engineers AIChE J, 57: 1796-1808, 2011
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Introduction

Batch and fed-batch processes have widespread applica-
tions within a variety of sectors especially those that are
used for the manufacture of high-quality low-volume prod-
ucts such as biochemicals and polymers. The primary control
objective in batch processes is to reach a specified product
quality by batch termination. Consequently, batch control
strategies are typically designed to reach a desired end-point
and can be categorized into trajectory tracking approaches or
end-point-based approaches. In trajectory tracking approaches,
optimal state trajectories that terminate at the desired end-
point are generated off-line by solving a dynamic optimization

Correspondence concerning this article should be addressed to P. Mhaskar at

mhaskar@mcmaster.ca.

© 2010 American Institute of Chemical Engineers

1796

July 2011 Vol. 57, No. 7

problem' or using iterative dynamic programing,” and subse-
quently tracked on-line using local PID or predictive control-
lers.>® A drawback in these approaches is that process noise
and disturbances can render optimal state trajectories subopti-
mal or in the worst case, the tracking problem infeasible.
With increased quality of computational resources and
more efficient optimization algorithms, shrinking horizon
end-point-based model predictive control (MPC) is becoming
a possibility for batch process control. In computing the con-
trol action in this approach, a dynamic optimization problem
that incorporates the desired end-point (in the objective func-
tion and/or constraints) is solved at each sampling instance
until batch termination, using plant measurements (or state
variable estimates) to update model predictions at each sam-
pling time. A truncated version of the resulting optimal input
changes is then implemented directly on the process, the pre-
diction horizon is shifted one sampling instance, and the
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process is repeated at the next sampling instance. One draw-
back of end-point-based MPC approaches is the significant
computational demand associated with solving the dynamic
optimization problem at each sampling instance. More spe-
cifically, the solution of the dynamic optimization problem
consists of the entire input trajectory from the time at which
the problem is solved to batch termination, implying signifi-
cant computational demands especially during the early
stages of the batch. Additionally, with model uncertainty,
significant discrepancies can result between the predicted
and actual behavior of a process. For instance, a predictive
model integrated with nominal values of the uncertainty can
indicate the process will be driven to the desired end-point
for a specific control move, but applying the identical con-
trol move on the actual process can lead to a violation of
product end-use properties and/or safety constraints because
of inaccurate parameter values. Therefore, incorporating
model uncertainty in the control scheme either by modifying
the conventional dynamic optimization problem’™ or by
reducing biases in state estimates arising from model uncer-
tainty is essential'®'® for obtaining acceptable controller
performance in the presence of uncertainty.

Although several end-point-based MPC formulations that
explicitly account for model uncertainty using a min-max
optimization framework are available,®*’ these approaches
are often more computationally prohibitive. This is because
the control moves are computed by taking into account the
worst-case values of the uncertainty, which are computed
using an embedded optimization problem within the dynamic
optimization. Techniques to reduce the real-time optimiza-
tion computational demands include those that attempt to
reduce the complexity of the model used for predictions and
those in which a parametrization of an open-loop optimal
input profile is derived off-line. With respect to the former,
some of these approaches include successive linearization of
the nonlinear model equations at each sampling instance and
the scheduling of multiple linear models (see Ref. 9 for a
review). However, with significant improvements in real-
time optimization algorithms and performance limitations
associated with using linear MPC for highly nonlinear batch
processes, MPC using the full nonlinear model is becoming
increasingly common.'*"” Input parametrization techni-
ques,lg_20 on the other hand, strive to reduce the number of
decision variables in the dynamic optimization problem.
However, with modeling errors and process noise, plant pro-
cess trajectories can deviate considerably from the nominal
optimal trajectories on which the input parametrization is
based, rendering a certain input parametrization suboptimal
or infeasible.

The variability in the raw material availability adds
another layer of complexity to batch process control and
motivates designing methods for determining the suitability
of running a batch with the given raw material. In particular,
for a given control law, it is important to ascertain the initial
conditions (without running the batch in its entirety) for
which the desired control objectives are obtainable to mini-
mize resource and time wastage. Although there exist MPC
designs for continuous systems that allow the explicit char-
acterization of the set of initial conditions from where stabil-
ity is achievable,”' ™ these results are not applicable for
batch systems because the desired end-point is usually not
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an equilibrium point. Currently, there exist no end-point-
based MPC designs for batch systems that provide an
explicit characterization of a feasibility region from where it
can be guaranteed that the desired control objectives can be
met. Recently, in Ref. 24, a computationally efficient, non-
linear MPC design based on the concept of “reverse-time
reachability regions” (RTRRs) was presented. RTRRs were
defined as the set of states from where the desired end-point
can be reached by batch termination. In contrast to existing
results, the MPC formulation in Ref. 24 provides an explicit
characterization of the set of initial conditions from where a
desired end-point is achievable. The reachability guarantees
provided by the RTRR-based controller, however, do not
hold in the presence of model uncertainty owing to the sig-
nificant impact of the presence of uncertainty on RTRRs. In
particular, a direct application of RTRR-based MPC of
Ref. 24 could very likely result in off-spec product and a
wasted batch. One contribution of this work is the redesign
of the RTRR-based predictive controller to account for
model uncertainty by explicitly incorporating uncertainty
bounds in the generation of RTRRs and their subsequent use
within a robust MPC formulation.

Faults in processing or auxiliary equipment are ubiquitous
in the chemical process industry and are an aspect of plant
operation that requires special attention in the control design.
The emphasis on the final product quality in batch and fed-
batch processes makes their productivity particularly suscep-
tible to faults as a fault can invalidate the desirable properties
of a control design. Although there has been significant work
on fault detection and isolation for batch processes,zs_29 fault-
tolerant control structures (FTCS) specific to batch systems
have received limited research attention. The majority of the
extensive research on FTCS for continuous processes’
including recent results that address how to operate a plant
during temporary faults®' cannot be applied to batch proc-
esses because of the absence of equilibrium points and fun-
damental differences in the control objectives between batch
and continuous processes.*

As is the case for continuous processes, the majority of
the FTCS for batch processesg’32 essentially rely on the
robustness of the control design to handle faults as distur-
bances during the failure period. The fault-tolerant character-
istic in these formulations stems from the underlying
assumption of availability of sufficient control effort such
that the primary control objective remains achievable even
in the presence of the fault. However, processes often en-
counter faults where the nominal control objective cannot be
achieved if the fault persists, and furthermore, in the absence
of a framework for explicitly handling such faults in batch
processes, continuation of the implementation of controllers
with limited fault-tolerant properties could lead to a missed
opportunity to implement control action that could enable
achieving the primary control objective after fault repair. A
desirable property in a framework for handling faults in the
context of batch systems, therefore, would be one that can
identify an input trajectory (if it exists) without requiring
any prior knowledge of the fault repair time to ensure end-
point reachability upon fault repair. A safe-steering frame-
work was recently developed in Ref. 24 that addressed the
problem of determining how to use functioning inputs during
fault rectification to enable desired product properties
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reachability following fault repair. The safe-steering frame-
work in Ref. 24, however, does not account for the presence
of uncertainty, and neither the controllability nor the safe-
steering guarantees of Ref. 24 remain applicable in the pres-
ence of uncertainty.

Motivated by the above considerations, this work consid-
ers the problem of designing computationally efficient non-
linear MPC for batch processes subject to input constraints,
faults in the control actuators, and model uncertainty. Specif-
ically, faults are considered that cannot be handled via ro-
bust control approaches and (if not rectified) preclude the
reachability to the desired end-point with limited control
effort. The rest of this manuscript is organized as follows:
First, the class of processes considered is presented followed
by reviews of a conventional end-point-based MPC formula-
tion, the RTRR-based predictive controller developed in Ref.
24, and the safe-steering framework also developed in Ref.
24. Next, we generalize the RTRR-based predictive control-
ler to explicitly account for model uncertainty by first devel-
oping a methodology and algorithm to generate robust
RTRRs for their subsequent use within a robust MPC design
for batch processes. Then, after formulating the safe-steering
problem, a safe-steering framework is developed that uses
the robust RTRR-based MPC to ensure states can be driven
inside a desired end-point neighborhood if the fault is
repaired sufficiently fast. It is shown that the proposed safe-
steering framework is guaranteed to find a viable input tra-
jectory if it exists (i.e, if the fault is repaired sufficiently
fast) that can drive the system to a desired end-point neigh-
borhood following fault repair. Then, closed-loop simulation
results of a fed-batch reactor subject to actuator failure,
model uncertainty, limited availability of measurements, and
sensor noise are presented to illustrate the efficacy of the
proposed robust MPC formulation and the details of the
safe-steering framework. Finally, we summarize our results.

Preliminaries

In this section, we describe the class of batch processes
considered and review a representative end-point-based non-
linear, shrinking horizon predictive controller, the RTRR-
based predictive controller of Ref. 24, and the safe-steering
framework developed in Ref. 24 without accounting for
uncertainty.

Process description

We consider batch process systems with uncertainty sub-
ject to input constraints and failures described by:

X(1) = £(x(1), us(1), 0(1))
t € [to, tr],us(+) € Uy, 0(-) € O,x(fp) =xg, (1)

where x(7) € R" denotes the vector of state variables,
u, () € R™ denotes the vector of constrained manipulated
inputs, taking values in a nonempty convex subset U, of R",
where U,={ueR"Unine <u<Unns}, Where
Upino, Umax,c € R” denote the constraints on the manipulated
inputs, and 0(t)=[0'(t)---07()]" € ® C R where
O = {0 € R|0pin < 0 < Oax }» Where Opin, Omax € R? denote
the bounds on the vector of uncertain (possibly time—varying)
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but bounded variables taking values in a nonempty compact
convex subset of R?. The times #, and 7; denote the initial time
and batch termination times, respectively. The variable, g €
{1,2}, is a discrete variable that indexes fault-free and faulty
operation with ¢ = 1 signifying fault-free operation and ¢ = 2
signifying faulty operation. The fault scenarios considered in
this work involve actuator failure for a finite duration of time
defined by the time of fault occurrence, tfa““, and time of fault
repair, "', An example of such a failure scenario is a flow
valve feeding a fed-batch reactor becoming “stuck” at its fail-
safe value between /""" and #°P*" while remaining operational
at all other times. According to the definition of ¢, ¢ = 1 for
te [;O,Zfa“]t), 6 =2 for t € [P and ¢ = 1 for ¢ €
[/P*",r7]. The vector function f:R" xU; x ® — R" is
assumed to be continuous on (x,u,f) and locally Lipschitz in
x on D x U x ©, where D C R". The notation, [|-||q, refers to
the weighted norm, defined by [x||q = x"Qx for all x € R",
where Q is a positive-definite symmetric matrix and x"
denotes the transpose of x. Throughout the manuscript, we
assume that for any u(-) € U, and () € O, the solution of the
batch system of Eq. 1 exists and is continuous for all 7 € [#o,t],
and we focus on the state feedback problem, i.e., x(f) is
assumed to be available for all ¢ € [#q,t].

End-point based MPC

In this section, a representative formulation of a shrinking
horizon, nonlinear predictive controller for batch processes is
outlined to convey the key idea in most existing formula-
tions, which is the computation of the entire input trajectory
from the time the control action is being calculated to the
end of the batch. To this end, consider a batch process
described in Eq. 1 under an end-point-based predictive con-
troller for fault-free conditions (i.e., a(f) = 1). The control
action at each sampling instance is computed by solving
(on-line) a dynamic optimization problem of the form:

ff
minJe = M(to X(1) 17300, %0) + [ LKD), u(®)de @

t

subject to : X(7) = f(X(1),u(1)) A3)
X(0) = x(1) )
X(ty — 1) = Xq, 5)

where M(-) and L(-) represent the Mayer and Lagrangian
terms, respectively. The constraint, x(0) =x(¢) (Eq. 4),
represents the initialization of the dynamic optimization
problem at the current process conditions and can be
understood as the feedback mechanism in the controller to
account for plant-model mismatch. In the terminal constraint
(Eq. 5), x4 denotes the specified desired states at t+ = t;. The
minimizing control u(-) is then directly implemented on the
plant over the interval [z,/4+-J) and the procedure is repeated
until batch termination.

Remark 1. The evaluation of the objective function (Eq.
2) and terminal constraint (Eq. 5) necessitates the integration
of the nonlinear model equations and optimization of the
manipulated inputs up to f; at each sampling instance. Thus,
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the dynamic optimization problem becomes computationally
expensive regardless of the optimization strategy (sequential
or simultaneous). Note that in the absence of uncertainty, the
solution to the optimization problem is only required at the
first time step because the solution at the j-th time step is
simply the initial solution trajectory from (j + 1)d to f
where 9 is the sampling period. With the presence of model
uncertainty, the “tail” of the initial solution is no longer a
solution for subsequent optimization problems. Although the
solution at a certain time step can serve as a good initial
guess for the next time step, significant computation time
may still be required to arrive at a solution in the presence
of uncertainty.

Remark 2. Although we present a “nominal” MPC for-
mulation to emphasize the fact that the control calculation at
every instance requires the solution of the entire input trajec-
tory, a min-max dynamic optimization problem can in prin-
ciple be used to handle the problem of uncertainty. The solu-
tion to such a min-max problem would be a manipulated
input trajectory from the current time to the end of the batch
that minimizes (using the inputs as decision variables) the
maximum (over all realizations of the uncertainty) value of
the objective function. This added layer of optimization ren-
ders min-max-based MPC approaches for batch systems
even more computationally expensive than the nominal end-
point-based MPC formulation in Eqs. 2-5 and motivates the
development of a computationally efficient robust nonlinear
MPC formulation for batch processes.

Reverse-time reachability region-based MPC

RTRRs and the RTRR-based MPC strategy developed in
Ref. 24 are briefly reviewed in this section. The notion of
RTRRs was introduced in Ref. 24 for the purposes of
designing an MPC scheme that only required the computa-
tion of the immediate value of the input while ensuring the
desired end-point remains attainable throughout the batch.

Reverse-Time Reachability Regions. In Ref. 24, the
RTRR of a batch system at time, 7, R(¢), was defined as the
set of all process states from where a batch process could be
steered to Xq, the desired end-point, by the end of the batch
(i.e., in a time f; — f) while satisfying the input constraints.
The formal definition of the discrete time version of this set
is reproduced below:

Definition 1. (Ref. 24) For the batch process described in
Eq. 1 with sampling period ¢ and no model uncertainty, the
RTRR at time ¢ = ¢ — ko, indexed by k, is the set:

R = [xolx(1) = x0,%(1) = F(x(7), (1), (1))
Ju(r)={ufi]} e UVi=1,...,k where
ufi] = u(io) and satisfies u(¢) = uli]
Vit €[id, (i + 1)9), suchthat x(1;) = xq}. (6)

Remark 3. An algorithm to generate estimates of RTRRs
as point-sets at each sampling instance for the batch was
proposed in Ref. 24 that consisted entirely of successive off-
line integrations of the reverse-time model of the system
(i.e., x(r) = —f(x(r),u(r))). Specifically, for a given x4, the
reverse-time process model can be integrated for the duration
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of ¢, holding the value of the manipulated inputs constant
over J. Performing this integration for all possible appropri-
ately discretized values of the manipulated inputs in turn
yields an (under) estimate of R; as a point-set. A point-set
estimate of R, can then be determined by repeating the pro-
cess for all elements in R, and the process repeated to yield
RTRRs up to the initial time. The details regarding alleviat-
ing the associated computational costs with this algorithm,
assumptions to ensure the generation of compact sets, and
characterization strategies for the point-set estimates are
addressed in Ref. 24. Also, note that the presence of uncer-
tainty cannot be accounted for by simply repeating the above
set of calculations for all allowable values of the uncertainty
and requires redesigning the RTRR generation algorithm.

Reverse-time Reachability Region Based MPC Formula-
tion. Once RTRRs have been computed for every sampling
instance of the batch, they can be subsequently used in a
RTRR-based MPC design. To this end, consider the process
described in Eq. 1 for fault-free conditions (i.e., a(f) = 1)
with no model uncertainty, where the control action at sam-
pling instance k = % is computed by solving the following
dynamic optimization problem:

muin Jr @)

subject to : X(1) = f(X(t),u) (8)
x(0) = x(7) ©

X(6) € Ryt (10)

The key idea in the RTRR-based MPC formulation is to
successively maintain states in RTRRs until batch termina-
tion. The existence of the process states in the RTRR at
each sampling instance during the batch was also established
as a necessary and sufficient condition for states to be
steered to the desired end-point (the theorem and proof are
available in Ref. 24). The necessity of this condition has a
particularly important implication because if at any point,
the process states are driven outside of the RTRR, it is sim-
ply not possible, regardless of the control law, to drive the
states back into a RTRR and ultimately to the desired end-
point by the batch termination time. Note that in the RTRR
formulation, the terminal constraint (Eq. 5) in the end-point-
based MPC scheme has been replaced with a reachability
constraint (Eq. 10) that requires, at each sampling instance,
the process states to remain within the RTRR at the next
time step. Therefore, state evaluation and input optimization
are not necessary beyond the next time step, considerably
reducing the size and computational cost of the dynamic
optimization problem compared with conventional end-point-
based MPC approaches.

Remark 4. An important advantage of the RTRR-based
predictive controller over conventional end-point-based MPC
approaches is its computational efficiency while guaranteeing
end-point reachability even when using the full nonlinear
model of the system. In the presence of uncertainty, how-
ever, it becomes important to explicitly account for the
uncertainty in the RTRR-based MPC design from not only a
theoretical standpoint but also from a practical standpoint. In
particular, ignoring the effect of the uncertainty will lead to
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larger estimates of the RTRRs; therefore, if the initial condi-
tions are within the RTRR at ¢, initial feasibility of the opti-
mization problem can still be achieved even in the presence
of uncertainty. However, this initial feasibility does not
imply successive feasibility for all future time steps as large
deviations in the uncertain parameters can drive the states
out of the RTRR estimates at which point the control law
would become infeasible. This, in turn, of course invalidates
the reachability guarantees of the MPC design. Even worse,
a possible scenario is that of the RTRR MPC laws remaining
feasible by virtue of the large region estimates, but the
uncertainty driving the process states significantly away from
the desired end-point at the last time step, resulting in a
wasted batch.

Safe-steering of batch processes

In Ref. 24, a fault-tolerant control framework, called the
“safe-steering” framework, was designed for batch processes
with finite duration control actuator failure that precluded
meeting the desired end-point if not rectified. Specifically,
faults were considered where a control actuator fails and
reverts to its fail-safe value at time /*"" and is eventually
repaired at an unknown later time """ < ¢, The safe-steer-
ing problem was defined as the one of identifying trajecto-
ries of the functioning inputs during the failure period such
that the desired end-point remains reachable following fault
repair (i.e., following full recovery of the control effort).

In Ref. 24, the necessary and sufficient conditions, namely
feasibility of the RTRR-based MPC during the failure pe-
riod, for safe-steering a batch were established. If the
RTRR-based MPC is feasible from ™" up to and including
P the implication is that at /""", the states are contained
with the RTRR at #°P*" at which point the full control effort
is recovered. Consequently, by the definition of RTRRs, the
desired end-point will be reachable following P*". In the
presence of uncertainty, however, the end-point reachability
guarantees in the safe-steering framework are lost even if
the process states at """ are contained within the RTRR at
°PM". This is because RTRRs as defined in Ref. 24 are gen-
erated-based on nominal values of the uncertainty. Conse-
quently, using the RTRR-based MPC formulation to preserve
states in “nominal” RTRRs during the failure period in the
presence of uncertainty has no implications regarding end-
point reachability and is therefore not a suitable solution to
the safe-steering problem. This motivates the development of
a robust MPC design for use in the safe-steering framework
such that the desired control objectives in the batch can be
met if the fault is recovered sufficiently fast.

Robust Reverse-Time Reachability
Region-Based MPC

In this section, we present a computationally efficient ro-
bust nonlinear predictive controller for batch processes. Pre-
paratory to the robust controller formulation, we introduce
the notion of robust RTRRs, which are essential in the con-
trol design and analysis, and then present an algorithm to
generate these regions. This is followed by the formulation
of a robust RTRR-based MPC design.
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Robust reverse-time reachability regions

To define robust RTRRs, we first note that in batch pro-
cess control, the implication of the presence of model uncer-
tainty is that in general, exact end-point reachability guaran-
tees cannot be made regardless of the control law. Instead,
only reachability to a certain neighborhood of the end-point
can be guaranteed. To understand this, consider the batch
system described in Eq. 1 subject to a predictive control
law. At time ¢ = t; — J, a dynamic optimization problem is
solved to compute the set of input moves that drives the sys-
tem to the desired end-point in time ¢ for nominal values of
the uncertainty, 6,,,. However, if this same control move is
implemented on the plant, there is no guarantee that the pro-
cess will be driven to x4 because it is unknown if 6, rep-
resents the true values of the plant parameters. Based on this
argument, one desirable property of a robust MPC formula-
tion for batch process is to guarantee the existence of inputs
to drive the process states inside a desired neighborhood
around the end-point, which we denote by B(xXq), that can be
chosen-based on the acceptable level of variance in the final
product quality. Accordingly, of interest is the set of process
states from where a desired end-point neighborhood can be
reached in the presence of model uncertainty while satisfying
all input constraints. These sets are denoted as robust RTRRs
and are formally defined below:

Definition 2. For the process described in Eq. 1, the ro-
bust RTRR at time, ¢, is the set:

R(1) = {xo[x(1) = x0,X(1) = F(x(1), u(1), (1))
Ju(z) € U V1 € [, ], such that
VO(t) € ® Vr € [t, 1], x(1r) € B(xq)}- (11)

To account for the discrete nature of control implementa-
tion, we define the discrete time version of robust RTRRs
below:

Definition 3. For the process described in Eq. 1, the ro-
bust RTRR at a time ¢ = #; — kJ, indexed by £ is the set:

R = {xolx(1) = %0, X(1) = F(x(7), (1), 0(1)
Ju(r)={uli]} eUVi=1,....k
where u[i] = u(id) and satisfies u(¢) = uli]
Vit € [id, (i + 1)) such that
VO(t) € ©® V1 € [1,17],x(t) € B(xq)}. (12)

Note that for the special case of k£ = 0, 7€k is defined to
be the desired end-point neighborhood or B(x4). Before pre-
senting an algorithm to generate robust RTRRs, the exis-
tence of these regions must first be established. This is for-
malized below in Theorem 1. The proof is available in the
Appendix.

Theorem 1. For the batch system described in Eq. 1,
given © and a nonempty Ry_,, there exists a 6* such that
for any 6 < 6%, Ry # 0 (i.e, Ry is non-empty).

Remark 5. In the absence of model uncertainty, the exis-
tence of nonempty RTRRs at each sampling instance of the
batch is guaranteed simply from the existence of a solution
for the system over a finite time. When considering
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uncertainty, however, the size of robust RTRRs depends on
the size of the desired end-point neighborhood and also the
sampling period in the batch. For example, if we consider a
fixed B(xq), robust RTRRs may cease to exist as we proceed
toward the initial time if the given sampling time is too
large. Theorem 1 is therefore important in establishing the
trade-off between B(xg) and the sampling period. From a
practical perspective, for a specified desired end-point neigh-
borhood, the result of Theorem 1 implies that the sampling
time can be used to mitigate the reduction in the size of ro-
bust RTRRs as we proceed toward the initial time.

Generating Robust Reverse-Time Reachability Regions. In
this section, given a desired end-point neighborhood, B(xq4),
we develop a methodology to sequentially generate robust
RTRR estimates off-line. More specifically, starting at k =
1, for a given B(xq), we identify an explicitly characterized
estimate of R; from where the process can be driven inside
Ri—1 in the presence of model uncertainty. The explicit
characterization is also a necessity for the practical imple-
mentation of the MPC formulation to be presented in the
next section. In this work, we use n-dimensional ellipsoids
to mathematically express estimates of robust RTRRs at
each sampling instance (note that our results are not limited
to this choice of the characterization; the use of n-dimen-
sional ellipsoids is simply to illustrate our results). The gen-
eral form of the ellipsoid expression is given below:

Ri={x | [[x = &llp, <1}, (13)

where the vector ¢; € R” denotes the center of the ellipsoid,
the positive-definite symmetric matrix P; € R" x R" defines
its size and orientation, and k indexes the batch sampling
instances as before. Note that because k = 0 corresponds to t,
¢o=xq and Py is a user-defined matrix based on the
acceptable variance level of the final product quality.

To determine if a set is a valid estimate for Ry (defined
by ¢; and Py), we solve, for a given ¢ and © (and an Ry,
defined by ¢;_; and P;_;), the following multilevel nonlinear
program (NLP):

rr)l‘(i]n J1=0 (14)

subject to : ||xo — € |13A <1 (15)
J,>1 (16)

minJa = ||%(6) — €1l , an
subject to : X(¢) = £(X(¢), u, 0) (18)
maxJ3 = [X(0) — €c-illp,_, 19)
subject to : X(1) = £(X(¢),u, 0). (20)

If the multi-level NLP is infeasible, we deem the estimate
to be a valid robust RTRR. To understand this, consider the
different levels in the multi-level NLP: for a given initial
state, the two bottom most layers solve the (min-max) robust
control problem, i.e., determine the input that minimizes the
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worst case effect of the uncertainty. In other words, the bot-
tom two levels compute the control action that, for the worst
realization of the uncertainty, drives the state to the lowest
level set of the n -dimensional ellipsoid at the next time
step. The top level problem then searches over all initial
conditions within the given Ry to find (if it exists) an initial
condition for which the state at the next time step ends up
being driven outside the robust RTRR at the next step. If the
multilevel optimization problem is feasible, it implies that
there are no guarantees that the process starting from the
given estimate of the robust RTRR will be driven inside the
robust RTRR at the next step in the presence of uncertainty
even when implementing the robust control move. On the
other hand, if the problem is infeasible, this implies that for
every initial condition in the given robust RTRR, the process
states are always contained within the robust RTRR at the
next time, even in the worst case effect of the uncertainty.
An infeasible solution therefore represents that a valid robust
RTRR has been found.

Remark 6. Note that in principle, one can add another
layer in the optimization problem wherein the P, matrix and
the ¢; vector are the decision variables and the objective is
to maximize the “volume” of the n -dimensional ellipsoid.
Even if carried out off-line, the determination of the largest
robust RTRR would become an unwieldy problem. In this
work, we address this problem by appropriately preselecting
the P; matrix (that determines the orientation of the ellip-
soid) and the ¢; vector (that determines the center of the
ellipsoid). In particular, the system is reverse-time integrated
from all the elements in R;_; (using nominal values of the
uncertainty and all possible values of the inputs), and then
an ellipsoid is found that best covers a subset of these
points. If the multilevel optimization problem is feasible for
this ellipsoid, the set is scaled down and the problem is
resolved until the multilevel optimization becomes infeasi-
ble. On the other hand, if the problem is infeasible to begin
with, the set is scaled up and this process is repeated until
the optimization problem becomes feasible. The final ellip-
soid obtained through this procedure then represents the
(approximately) largest estimate of the robust RTRR (given
a predecided orientation of the ellipsoid).

Remark 7. Note that the problem of determining the ro-
bust RTRRs cannot be addressed by extending the method
of generating the RTRRs in Ref. 24 to generate point sets
using all values of the uncertainty (over and above the dif-
ferent values of the inputs as done in Ref. 24). The only
conclusion that can be drawn for a point in such a set is that
there exists a pair of input and uncertainty values such that
the process can be driven to the RTRR at the next time. No
guarantees can be made for the existence of an input (for
any allowable value of the uncertainty) and the determina-
tion of that input (without knowing the value of the uncer-
tain parameter) that can drive the process to the robust
RTRR at the next step. This necessitates the development of
the multilevel optimization-based framework for the genera-
tion of the robust RTRRs. Note also that the objective of
this work is not to characterize the true robust RTRR (that is
to determine all points that are contained within the robust
RTRR) but to generate a workable estimate for which the
existence and determination of the input to drive the process
to the next robust RTRR can be guaranteed.
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Robust MPC formulation

In this section, we present an MPC formulation that uses
robust RTRRs to steer a batch system to a desired neighbor-
hood around the end-point. Similar to the RTRR-based for-
mulation, most of the computational burden associated with
the MPC is off-line and the formulation is therefore amena-
ble to on-line implementation. To this end, consider a batch
process described in Eq. 1 for fault-free conditions (i.e., a(f)
= 1) and for which robust RTRR estimates have been char-
acterized for a given J, ®, and B(x4). The control action at
sampling instance k = % is computed by solving the fol-
lowing bilevel optimization problem:

146
minsg = [ IK(E) = Xnllg + [Aullgdr @D
t

M
subject to : X(0) = x(7) (22)

X(t) = f(X(7), u,0) 23)

I1X(0) = €etllp, , <1 (24

maxJp = [1X(0) — €-1llp,_, (25)
subject to : X(7) = f(X(),u, 0), (26)

where Au is a vector of deviations between successive control
moves, Q and R are positive definite weighting matrices, and
the objective function, J;;, is formulated to minimize the
deviations between process state trajectories and some
nominal optimal state trajectories, X7, and variations in the
control moves. This two-tier optimization problem is for-
mulated in a similar fashion as the bottom two levels in the
robust RTRR generation algorithm of Eqs. 17-20. Following
initialization at the current plant values (Eq. 22), the worst-
case values of the uncertainty are found from the maximiza-
tion problem given in Eqs. 25-26. The worst-case uncertainty
values are identified as those which drive the process states to
the highest level set of the estimate of R;_;. For these worst-
case values, the top level of the optimization problem searches
for an input that minimizes some cost function, J;, and
ensures the states at the next time step are contained within the
robust RTRR. The methodology and algorithm used to
compute the robust RTRR guarantees the feasibility of the
MPC optimization problem in the fault-free scenario. Addi-
tionally, by definition, robust RTRRs take into account the
requirement to drive the process to a desired end-point
neighborhood. The implications on the guarantees of feasi-
bility and driving the system to a desired end-point neighbor-
hood are formalized below in Theorem 2. A sketch of a proof
of this theorem is available in the Appendix.

Theorem 2. Consider the constrained system of Eq. 1
with ¢ = I under the robust RTRR-based MPC law of Egs.
21-26. If x(to) € R(to), the MPC bilevel optimization prob-
lem remains feasible for all t € [to,t;] and x(t;) € B(Xq)).

Remark 8. In Theorem 2, the condition x(7y) € R(z)
guarantees the existence of an input trajectory via guaranteed
feasibility of the robust RTRR-based MPC to drive the pro-
cess states inside B(xq) in the presence of uncertainty. How-
ever condition x(fy) € R(ty) is not a necessary condition for
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driving the states inside B(xq)) by batch termination even if
we consider exact characterizations of true robust RTRRs in
the robust RTRR-based MPC formulation. Consider the case
where x(#9) & R (o). Although we cannot guarantee the exis-
tence of an input trajectory to ensure X(#) € B(Xy), this tra-
jectory may still exist because it might be possible to drive
the state inside B(Xq) by #; for some realization of the uncer-
tainty (if not for all values of the uncertainty, as required in
the robust RTRR definition). The theorem, however, does es-
tablish that the robust RTRR-based MPC problem will
remain initially and successively feasible and drive the pro-
cess to the desired end-point neighborhood.

Remark 9. In the MPC formulation in Eqs. 21-26, the
performance index (Eq. 21) can be chosen to meet desired
performance criteria or robustness objectives. For example,
improving the disturbance rejection capabilities in the con-
troller could be achieved by penalizing the Euclidean dis-
tance between the process states at sampling instance kK — 1
and the center of the R;_; estimate. This objective function
would tend to steer the system through the centers of the ro-
bust RTRRs, thereby lowering the possibility of any unac-
counted for disturbances driving the process outside of ro-
bust RTRRs.

Remark 10. One characteristic of batch processes is that
the desired end-point quality, which is based on the values
of quality variables at batch termination, typically remains
consistent from batch to batch unless a new product is being
manufactured. The main source of variation between batches
is typically the initial condition in the batch as this is dic-
tated by raw material properties, which are subject to var-
iance depending on the source of raw materials. The robust
RTRR-based MPC scheme is designed with these key prop-
erties in mind as robust RTRRs are generated for specific
values of the quality variables at batch termination and also
provide an explicit characterization of initial conditions for
which the desired end-point quality can be met. Note that if
the end-point quality in a batch is subject to change and dis-
crete values of the other possible end-point qualities are
known, robust RTRRs corresponding to all possible desired
end-points can be generated beforehand, and the suitable ro-
bust RTRRs can be used during controller implementation.

Robust Safe-Steering of Batch Processes

In this section, we generalize the safe-steering framework
to handle model uncertainty by using the robust RTRR-based
MPC scheme presented in the previous section. First, we for-
mulate the safe-steering problem and then present the robust
safe-steering framework.

Problem statement

For systems described by in Eq. 1, we consider faults in
the control actuator under the assumption that upon failure,
the available control effort is reduced. More specifically,
without loss of generality, we characterize the fault occur-
ring in the first control actuator at a time /™! which is
repaired at time, P (je., for ¢ < MU and ¢ > P g(p)
= 1, whelreas for /1 fglt < P, 0 (1) = 2) as urlnin_faﬂeq <
Uy (1) < Uy paitea V1 € [0, 1P47), where u' denotes the i-th
component of the input vector u. Reduced control effort
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corresponds to a situation where ul, oo > ul. and
Upax failed < Umay- NOte that in the case where a valve reverts
to a completely open or shut position, we have ul. .., =

r'nax failed- The mputs avallable for control between " and
P are therefore uz, . We define the robust safe-steer-
ing problem as the one of identifying trajectories of these
inputs during the fault rectification period (without requiring
the value of #°P*" or an estimate thereof to be known a pri-
ori) in the presence of model uncertainty that will ensure the
process can be driven inside the desired end-point neighbor-

hood upon recovery of the full control effort.

Safe-steering to a desired end-point neighborhood

The key idea in the robust safe-steering problem is to
preserve the states in robust RTRRs during the failure pe-
riod by using the robust RTRR-based MPC design. By
doing so, the robust RTRR-based MPC scheme is able to
drive the process to a desired end-point neighborhood fol-
lowing fault repair. Also note that the ability to go to a
desired end-point neighborhood after fault repair is de-
pendent on the duration of the fault. To this end, consider
a batch system described in Eq. 1 for which the first con-
trol actuator fails at /™" and is repaired at /°P*" and the
robust RTRRs for fault-free operation have been charac-
terized for all sampling instances in the fault rectification
period. We formalize the requirements for safe-steering
the batch in Theorem 3.

Theorem 3. Consider the constrained system of Eq. 1
with x(f9) € R(ty) subject to the robust RTRR-based MPC
scheme given in Eqs. 21-26. If the MPC optimization prob-
lem remains feasible Vz € [/, 7°P*"], then x(#;) € B(xq).

Remark 11. The key idea formally expressed in Theorem
3 is that if a fault is repaired sufficiently fast (i.e., there
exists an implementable input trajectory during the fault
repair period, and one after fault repair), the robust RTRR-
based MPC finds this trajectory via preserving the process
states within robust RTRRs. The implication of this is that
process states at #°P*" will then belong to R(#°P4"), and
according to the definition of robust RTRRs, the process can
then be driven to a desired end-point neighborhood. There-
fore, maintaining the system within the robust RTRRs pro-
vides a sufficient condition to ensure that the desired neigh-
borhood can be reached upon fault recovery. In other words,
the proposed robust RTRR-based MPC is able to identify the
input trajectory during faulty operation (if one exists) that
will enable reaching the desired end-point neighborhood
upon fault recovery. In contrast, end-point-based-MPC
approaches can fail to find this trajectory even if it exists.
The end-point MPC problem can become infeasible because
it simply may not be possible to satisfy the terminal con-
straint with reduced control effort, which implies (appropri-
ately truncated) infeasible solutions have to be implemented
on the process. By repeatedly applying saturated versions of
the infeasible solutions during the failure period, the states
can be driven to an unrecoverable point from where reaching
the desired end-point neighborhood is not possible even after
fault recovery.

Remark 12. Theorem 3 provides sufficient conditions for
fault-tolerant control in batch systems. To address the issue
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of necessary conditions, we note that if the fault is
repaired too late, it can become impossible to preserve the
system states in robust RTRRs using reduced control
effort at some point between AUt and frepair, In this case,
the states escape the robust RTRRs by P*'"; however,
this does not necessarily imply the system states at batch
termination will be outside B(Xq). This is because the
states at #°P*" in this situation could reside in a region for
which there exists a specific uncertainty realization and
corresponding input trajectory that can drive the system
inside the desired neighborhood. This can occur as
X(£7PAT) € R (P4 is a sufficient but not necessary condi-
tion for driving the system inside 5(Xq).

Remark 13. The robust safe-steering framework can also
be used to handle faults in batch systems where the batch
time is flexible. To understand this, consider the case when
the robust RTRR-based MPC law encounters infeasibility
during the fault rectification period at sampling instance ki,ys.
In such a scenario, although there exists no control move
using the limited control effort to drive the system from
Rir. 10 Ripo—1 it may be possible instead, given suitable
system dynamics, to drive the system from Ry, to
Ri,+i» Where i is a positive integer such that ki, + i is a
sampling instance for which the robust RTRR has been
generated and characterized. In such a scenario, the MPC
optimization problem given in Egs. 21-26 can be modified
accordingly by substituting Ry, ; in place of Ry, ;.
Next, we revert to the original MPC law that requires the
process states to be driven from R; to R;_;. Conse-
quently, in i time steps, the MPC law will again require
driving the system from Ry, to Ry, 1. If the fault is recti-
fied within these i time steps, Theorem 2 guarantees the MPC
law will now be feasible. Using this procedure maintains the
process states within robust RTRRs during the failure period
at the cost of an increase in the batch termination time by io.
Note that it is also possible to repeat this procedure until the
fault is rectified and use different values of i each time. Also
worth noting is that if no Ry, 4; exists, this points to the fact
that the batch may have gone beyond recovery. In such a
case, the immediate (and necessary) action of discarding the
batch can be taken instead of unsuccessfully trying to reach
the desired end-point neighborhood and wasting valuable ma-
terial and time.

Remark 14. In this work, we consider the full-state feed-
back problem to convey the key ideas in the robust safe-
steering framework. If all system states are not measured,
state observers or estimators can be incorporated into the
framework such that the batch system can be safe-steered-
based on state estimates (see the simulation example for an
illustration). However, theoretical analysis of this effect
remains outside the scope of this work.

Simulation Example

In this section, we first consider a fault-free environment
and demonstrate the need for accounting for uncertainty. We
then illustrate the robust safe-steering framework by consid-
ering an actuator failure in the process. To this end, consider
a fed-batch reactor where an irreversible, first-order exother-
mic reaction of the form A — B takes place. The state-space
model for this process takes the following form:
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where Cy4(?), T(¢), and V(f) denote the concentration of A, re-
actor temperature, and volume, respectively and constitute
the state vector, x(f) = [Ca(r) T(r) V(r)]". The physical
meaning of the model parameters and their nominal values
can be found in Table 1. The primary control objective con-
sidered in the simulation studies is to achieve the (arbitrarily
chosen) desired end-point of xq = [0.1 465 65]" in the
presence of uncertainty. The desired neighborhood around x4
is taken to be an ellipsoid with Py = diag{10*,4,11.11} and
Co = Xq. We consider uncertainty in the inlet temperature,
Ta0, and the heat exchanger co-efficient (UA) of + 5%
around their nominal values. That is, § = T4y UA]" and
the uncertainty bounds are defined by Opmin = [278.35 9.50
x10°]" and Opex = [307.65 1.05 x 10*] . The uncertainty
in Tap is representative of a process disturbance, whereas the
heat transfer coefficient is a model parameter that is often not
known precisely and varies with time because of the effects
of fouling. The total batch time is taken to be # = 30 min
with a controller execution period of § = 36 s. The manipu-
lated variables in the process are the inlet feed rate, F' (L/h),
and  the heating coil  temperature, T,(K),u(t) =
[F(t) Ta(r)]", with constraints, umy=[0 285]" and
Umax = [25 400] To demonstrate the applicability of the
proposed method subject to limited (noisy) measurements, we
consider the case when only noisy measurements of 7" and V
are available, y(r) = [T(r) V(¢)]", with standard deviations
of 0.15 and 0.05, respectively.

To estimate C4 using on-line measurements of 7 and V,
an extended Luenberger observer (ELO) is used that takes
the following form:

Table 1. Process Parameters for the Fed-Batch

).

(1) = £(X(1), u(t), Ouom) + L(y(t) = (1),  (28)

where X(1) = [C4(1) 7(1) V(1] and3() = [7() V(n]"
are vectors of the estimated states and outputs, respectively,
the vector function, f(-), is the right-hand side of the
differential equations in Eq. 27, 6 is the nominal set of
parameters listed in Table 1, and L is a matrix of observer
gains.

For this example, the model was successively linearized at
the current estimate of the states, the computed value of the
input, and the nominal set of parameters, and the gain was
subsequently computed using the typical procedure used for
linear dynamic systems. Specifically, the eigenvalues of the
matrix, (A — LC), were placed on the left side of the com-
plex plane where the ij-th element of A is given by:

i

aij=—h .
W axj ‘X<t):u<t):onom

(29)

Implementation of the robust reverse-time
reachability region-based MPC scheme

To demonstrate the need for accounting for uncertainty,
closed-loop simulations of the fed-batch system were per-
formed using the nominal RTRR-based MPC design in Ref.
24 and the proposed robust MPC design. First, for the given
desired neighborhood, uncertainty bounds, and input con-
straints, nominal and robust RTRRs were generated and
characterized as ellipsoids for all sampling instants using the
algorithm described in the ‘““Generating Robust Reverse-
Time Reachability Regions” section. The following objec-
tive functions were used for the MPC formulations.

Reactor of Eq. 27 Jr = [X(0) — ex-1llp,_, + [|Au]|g (30)
Parameter Description Value Unit B B
kao Rate constant of reaction 0.15 1/h = HX(5) - C/&lH]BA?l + HAuHR (€2
A — BatTg ~ t ot .
£ Activation energy of 10% cal/mol wher.e Jr and J; denote thfs objective functlons for the
reaction A — B nominal and robust formulations, respectively. The move
R Universal gas constant 1.986  cal/(mol K) suppression matrix was set to R = diag{5 x 10749 x 107}.
T Reference temperature. 290 K The initial conditions were specified to be xz(0) =
Cao Cor}cegtr?tlon of A in inlet 5 mol/L [2.648 275.16 59.883]" and xz(0) =[2.65 279.395
€ed stream T .
UA Heat transfer 10° cal/(h K) 5.8.483] for the.: nominal a.nd. robust MPC §chemes respec-
coefficient x Area tively and verified to be within the appropriate RTRR. The
p Solution and inlet 1 kg/L initial-state estimates were also chosen such that they resided
feed density within the appropriate RTRR. The deviation between the
G Solll'g;?taeg‘i;:;let feed 65 cal/(kg K) initial-state estimates and the actual states was consistent for
Tho Temperature of inlet 293 K both cases. Th;: estimates were set to xz(0) = [2.675T
feed stream 276.786 59.09]" and X;(0) =[2.659 281.021 58.691]
AH Heat of reaction A — B —4000 cal/mol for the nominal and robust cases, respectively. The following
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Figure 1. State and input profiles of the fed-batch reactor system under
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RTRR-based MPC designs during a fault-free batch.

The insets show the ability of the proposed robust MPC formulation to drive the

denotes the desired end-point value.

set of eigenvalues were chosen for the ELO design:
—0.9,—1.05, and —1.1.

The state and input profiles from the closed-loop simulations
for both MPC designs are presented in Figure 1. For the nomi-
nal case, x(ff) = [0.185 466.448 64.212]", which does
not reside in B(xq) as [|X(t) — co|lp, = 82.158, whereas the
robust MPC scheme was able to steer the system inside 5(Xq)
as Xg(t) = [0.0992 464.835 64.817]T and [[x(tr) — €ollp,
= 0.488. These results indicate the practical importance of ex-
plicitly accounting for uncertainty in the controller design.
Using the Matlab functions, tic and toc, the average CPU times
required per MPC calculation on an Intel Quad Core machine
for the nominal and robust RTRR-based MPC schemes were
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states inside a desired neighborhood of x4. The

0.146 and 1.507 s, respectively. The higher CPU time for the ro-
bust RTRR-based design is certainly expected as the MPC opti-
mization problem is more complex; however, the computational
trade-offs are well worth the savings acquired from achieving a
batch quality within the desired neighborhood.

Robust safe-steering of the fed-batch process

To demonstrate the effectiveness of the proposed safe-
steering framework for batch processes with model uncer-
tainty, we consider a fault in one of the control actuators in
the fed-batch process. Specifically, we consider the scenario
where at " = (.25 h, the actuator associated with the
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Figure 2. State and input profiles of the fed-batch reactor system under the end-point (solid) and robust RTRR
(dashed)-based MPC designs with input failure of T, between 0.25 and 0.32 h.

The insets show the ability of the proposed safe-steering framework to drive the states inside a desired neighborhood of x4. The v

denotes the desired end-point value.

heating coil temperature fails. During the failure period, the
heating coil can only supply limited heat to the reactor and
the heating coil temperature becomes restricted to 285 < T,
< 300 K. At P" = 0.32 h, the fault is rectified and the
full control effort is recovered. For the end-point-based pre-
dictive controller, the following objective function was used.

I
Je = |[X(tr) — €ol[p, + / || Au||gdt (32)
r

The objective function in Eqn. 31 was used for the robust
RTRR-based MPC design. The move suppression matrix,
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initial conditions, and initial-state estimates were identical in
the simulations for both designs. Specifically, we set: R =
diag{5 x 1073,5 x 1079}, x(0) = [2.651 282.712 58.493]T
and x(0) = [2.66 284337 58.701]". The actual state and
state estimates were verified to be within R(0). The state
and input profiles for the two MPC schemes are given in
Figure 2. For the end-point-based MPC design, the batch is
driven to the end-point of x.(#) =[0.121 464.659
64.686]T, which is outside of the desired neighborhood as
be([f) — CUHPO = 5.994.

During the failure period, the heating coil temperature in
both designs is prescribed to be 300 K whereas the flow rate
trajectories are markedly different. Using only the flow rate,
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the end-point MPC design was unable to compute a trajec-
tory that steered the system inside the desired neighborhood.
Because of the repeated application of a truncated version of
these poor input trajectories, the system is driven to a point
by P from where it cannot be steered inside B(xq4) even
after fault recovery. In contrast, the robust RTRR MPC
design prescribed flow rates during the failure period which
maintained the process states from where the batch could be
driven inside the desired neighborhood upon recovery of the
full control effort. The batch is ultimately steered to the end-
point of x;(f) =[0.103 464.882 64.854]T, which is
inside the desired neighborhood as ||x;(#r) — co||p, = 0.380.

We also note the total CPU simulation time required for the
robust RTRR-based MPC was 2.126 min, which was signifi-
cantly shorter compared with the end-point-based MPC simula-
tion time of 2.318 h. Closed-loop simulations of batch systems
with a higher number of states or inputs would exhibit an even
more substantial difference in the simulation CPU time. More-
over, with additional parameter uncertainties, wider uncertainty
ranges, and the introduction of disturbances into the system, the
end-point-based MPC would require more computational time
because the solution at one time step would become a poorer
initial guess for the next time step. On the other hand, because
the robust RTRR-based MPC formulation accounts for the pres-
ence of the uncertainty and its bounds in off-line calculations
(which would certainly increase), the CPU time for on-line con-
trol calculations would not increase significantly.

Conclusions

In this work, we first considered the control of batch proc-
esses subject to input constraints and model uncertainty with
the objective of reaching a desired end-point neighborhood. To
this end, a computationally efficient nonlinear robust MPC
scheme based on robust RTRRs was formulated. Before the
MPC formulation, a multilevel optimization-based algorithm
was established to generate robust RTRRs for specified uncer-
tainty bounds, sampling period, and desired end-point neighbor-
hood. Following the controller design, we considered the prob-
lem of uncertain batch processes subject to finite duration faults
in the control actuators that cannot be handled via robust control
approaches. Using the robust RTRR-based MPC as the main
tool, the robust safe-steering framework was developed to
address the problem of how to operate the functioning inputs
during the fault repair period to ensure that the process can be
driven inside a desired end-point neighborhood upon recovery
of the full control effort. The computational efficiency and con-
trol performance of the robust RTRR-based MPC and its useful-
ness in the robust safe-steering framework were demonstrated
using simulations of a fed-batch process example.
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Appendix

Proof of Theorem 1: Consider an element X;_j nom in the
interior of Ry (ie., there exists a p* such that
Ti1 = A{y|lly — xk—1]| < p*} C Ry—1) and the point Xjpom
given by:

1+0
Xk,nom = Xk—1,nom + —f(X(t), Unom, 0n0m)dta (33)

t
where 0 is to be determined and u,.y, and 0,.,, are nominal

values of the input and uncertainty, respectively. It follows
that

t+0

Xk—1,nom = Xk.nom + / f(X(t), Unom; onom)dtv (34)

t

i.e., X;_ is the state of the system at 7 4+ o starting at ¢ from
Xinom Subject to the true value of the uncertain variable.
From the continuity of f(x,u,0) on (x,u,0) and that it is locally
Lipschitz in x on D x U x ©, the continuity of (Theorem 3.5
in Ref. 33). From the proof of Theorem 3.5 in Ref. 33, it fol-
lows that given a desired bound on the discrepancy between
the evolution of the nominal and perturbed system (i.e., ||X;_
— Xi_1.n0m|| <p™), there exists a value 0* such that if the sam-
pling period, 6 < 6% then it is guaranteed that |[x;_; —
X1 nom|| <p*. Therefore, Xy nom is an element of R showing
Ry # (. This completes the proof of Theorem 1. H

Sketch of the Proof of Theorem 2: The sufficiency of
the condition in Theorem 2 can be shown by considering
any x(fo) € R(fp). From the properties of the generation
algorithm for R(t) there exists a control moves that takes
the states inside R(¢+ J) in a time 0. Repeating this for the
duration of the batch implies that the state is driven to 5(Xq)
by #; for all possible realizations of the uncertainty. In
essence, this implies that there always exists a feasible solu-
tion to the MPC law of Eqgs. 21-26 for the entire duration of
the batch. The bilevel optimization problem defining the
MPC law in Eqs. 21-26 remains feasible for all ¢ e [fo,t]
and x(#) € B(xg). This completes the sketch of the proof of
Theorem 2. H

Proof of Theorem 3: The proof of this theorem follows
from Theorem 2. Equating /P to 7 results in the satisfac-
tion of the requirements of Theorem 2 and therefore, the
bilevel MPC optimization problem of Eqs. 21-26 continues
to remain feasible V¢ € [*P" 1] and x(iy) € B(x4) follows.
This completes the proof of Theorem 3. B
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Define:
t+0
Xi—1 = Xk,nom + / f(x(t)vunomy g(t))dl‘, (35)
t
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